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Critical stress statistics and a fold catastrophe in intermittent crystal plasticity
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The statistics and origin of the first discrete plastic event in a one-dimensional dislocation dynamics simulation
are studied. This is done via a linear stability analysis of the evolving dislocation configuration up to the onset
of irreversible plasticity. It is found that, via a fold catastrophe, the dislocation configuration prior to loading
directly determines the stress at which the plastic event occurs and that between one and two trigger dislocations
are involved. The resulting irreversible plastic strain arising from the instability is found to be highly correlated
with these triggering dislocations.
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I. INTRODUCTION

The transition from elastic to macroscopic plastic deformation in metals is a discrete process mediated by intermittent
dislocation activity. Historically, such discrete plastic activity
was seen in bulk metallic systems by Beeker and Orowan
[1] and later by Tinder and co-workers [2,3] who used a
torsion device, with ultrahigh strain resolution, to show that
plasticity well below yield was characterized by discrete
plastic events separated by regions of near perfect elasticity.
Modern developments in the instrumentation of a deformation
experiment have allowed this phenomenon to be studied in
more detail. For example, intermittent plasticity is routinely
seen in nanoindentation as a “pop-in” event [4,5] and in the
flat-punch indention of a focus-ion-beam milled micron-sized
crystal, as introduced by Uchic and co-workers [6].
One interesting aspect of the above phenomena is that as the
size of the plastically deforming region reduces, the stress scale
at which the discrete plasticity occurs increases . Such an effect
is best known through the paradigm of “smaller-is-stronger,”
coined in the micron-deformation experiments of Ref. [6]
(see Ref. [7] and references therein). A size effect in the
pop-in stress as a function of spherical indenter size has
also been seen in Refs. [4,5]. For the case of the microndeformation experiments, the understanding of the smalleris-stronger effect has primarily focused on dislocation based
mechanisms becoming operative as the plastically deforming
volume reduces—mechanisms that depend explicitly on the
presence of open boundary conditions—see Ref. [8] and
references therein. Despite the possibility of a change-ofmechanism approach, it has long been recognized that with
decreasing sample size, the overall evolution of deformation
becomes increasingly stochastic with particular realizations of
nominally similar deforming volumes exhibiting a range of
responses. Indeed, this aspect has been used to explain the size
effect in nanoindentation [5], where only for the very smallest
indenter sizes a change in mechanism was needed [9].
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The observed stochastic behavior of intermittent plasticity
motivates a general probabilistic picture of plasticity. Using
survival probability statistics, Ngan and co-workers investigated the probability of a material remaining elastic. In
their work, both homogeneous [10,11] and heterogeneous
dislocation nucleation [12–14] were considered. For the case
of a pre-existing dislocation network, a power-law distribution
of critical stresses was able to give an analytical prediction for the size effect exponent seen in microdeformation
experiments [14]. Such a power law distribution of critical
stresses originated from an assumed distribution of Taylor
segment lengths. More recently, and also assuming a master
distribution of critical stresses, the present authors employed
an extreme-value statistics approach to rationalize a size effect
in the stress scale at which discrete plasticity occurs [15–17].
This framework has also been applied to study the statistics of
the critical stress at which the very first plastic event occurs
[18]. This was done for the experimental nanoindentation data
of Morris et al. [5] and a simplified dislocation dynamics
simulation under periodic boundary conditions [19].
In Ref. [18], the statistics of the stress at which the first
plastic event occurs is described by the extreme value statistics
of a master distribution of critical stresses, P [σ ], which
characterizes the initial plastic response of the material. Within
this framework, the material admits M plastic events whose
corresponding critical stresses are realized by sampling P [σ ],
M times—the lowest of which is associated with the first
plastic event. This stress value is characterized by the stress
scale, σ1∗ , given by [15,20,21]
1
=
M



σ1∗
0

dσ P [σ ] = P< [σ1∗ ].

(1)

Here P< [σ ] is the cumulative distribution function of P [σ ]. M
is expected to be linearly proportional to the deforming volume
LD , and via M = ρLD defines a density ρ of plastic events the
material can admit. With this assumption, a similar approach
has been taken in Ref. [14]. Here D is the spatial dimension
of the deforming volume. Assuming that P [σ ] ∼ σ α as σ
approaches zero, for large enough L (or M), Eq. (1) limits to
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MP [σ ∗ ]dσ ∼ M(σ1∗ )α σ1∗ ∼ 1 which gives

 1/(α+1) 
1
1 1/(α+1)
∗
∼
.
σ1 ∼
M
LD
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(2)

Such a power-law relation is expected for asymptotically large
M. Reference [18] found Eq. (2) to hold for the stress at
which the first “pop-in” event occurs in a nanoindentation
experiment, as a function of indenter volume, and also for the
stress at which the first discrete plastic event occurs in one
dimensional dislocation simulations. The goal of the present
paper is to investigate the origin of this result for the latter one
dimensional dislocation model.
Section II outlines the one dimensional dislocation dynamics model used for the present study and Sec. III contains a
detailed investigation of the origin of the statistical properties
of the critical stress and plastic strain associated with the
first plastic event. This is done by linearizing the dislocation
equations of motion and studying the properties of the resulting
dynamical matrix as a function of applied external shear
stress until the critical stress is reached. It is found that the
corresponding eigenmodes are spatially localized, indicating
that the eigenmode eventually responsible for the onset of
the first plastic event always involves a low number of
dislocations (usually 1). For this eigenmode a simple relation
exists between its eigenvalue prior to loading and the critical
stress of the first plastic event, which may be understood
within the framework of catastrophe theory. These two results
demonstrate that the statistics of the first critical stress are
related to the statistics of the lower end of the eigenvalue
spectrum of the dynamical matrix of the dislocation structure
prior to loading. By analyzing the resulting irreversible plastic
strain, it is found that in most cases the resulting plasticity
spatially correlates with the structure of the unstable mode
which triggers it. Section IV discusses these results in the
context of eigenvalue perturbation theory which, via the fold
catastrophe, directly relates the statistical properties of the
dynamical matrix elements, its eigenvalues, and that of the
first critical stress into one unified picture. It concludes with
a brief summary and discussion on the possible generality of
these findings.
II. DISLOCATION DYNAMICS MODEL

A one dimensional configuration of N infinitely long and
straight edge dislocations is considered within the periodic
interval [0,d). Each dislocation (with Burgers vector along
the line) interacts via a long range elastic interaction and also
experiences a sinusoidal internal stress field of amplitude τ0
and period λ0 . In this model, the explicit dislocation content
may be viewed as the mobile dislocation population, while the
internal field represents a static mean-field description of the
immobile dislocation population—where λ0 can be seen as a
mean-free path of a mobile dislocation and τ0 as a stress level
reflecting immobile dislocation content—for further details
see Ref. [19]. While a rather simplified dislocation dynamics
system, Ref. [19] demonstrated this model to be equivalent to
a mean-field depinning transition [22,23]—a universality class
of plasticity that has some experimental support [24].
The periodic length d will be referred to as the size of
the system. The present work will consider a regime of large

enough sizes such that a change of size will not fundamentally
affect the nature of the plasticity, but only affect the statistics
of how d → ∞ bulk plasticity is probed. This viewpoint will
break down for small enough d where the choice of boundary
conditions do matter—a regime which is not investigated in
the present work.
The (overdamped) equation of motion for the ith dislocation
is given by

dxi
= Fi [σ ] = (σe [xi ] + σ )b +
f [xi − xj ],
(3)
B
dt
j
where b is the Burgers vector magnitude, B is the damping
coefficient, and σ is the applied external stress. In the above,
the static internal stress field is given by


2π x
σe [x] = τ0 cos
,
(4)
λ0
and the force between two dislocations separated by a distance
x is given by


Gb2
π
πx
.
(5)
f [x] =
× cot
2π (1 − ν)
d
d
In the above, G is a shear modulus and ν is Poisson’s ratio.
Equation (5) is based on the isotropic elastic interaction
between two edge dislocations of infinite length with parallel
line directions, and has already been lattice summed (see the
Appendix of Ref. [19])—it therefore has a range of d/2. In the
limit of d → ∞, Eq. (5) limits to ∼ 1/x.
A numerical simulation of this model presently entails
randomly placing N dislocations within the periodic length
d. At these initial positions, the force on each dislocation
will be nonzero, and Eq. (3) is numerically iterated (with
σ = 0) to evolve the dislocation positions to a zero force
configuration. This stationary configuration is then termed
the initial dislocation structure prior to loading. A loading
sequence is then initiated, by incrementally increasing the
applied external stress σ by a sufficiently small value δσ .
Upon each such increment, the forces on each dislocation will
become nonzero, and Eq. (3) is again iterated to find the zero
force configuration. This is then identified as the stationary
dislocation configuration at the applied external stress σ .
At each applied external stress increment, the associated
plastic strain increment is defined as
b 
δε =
δxi ,
(6)
dh i
where δxi is the change in position of the ith dislocation
between the stationary configurations at σ and σ + δσ . The
total plastic strain at a particular applied external stress will be
the cumulative sum of such plastic strain increments. Equation
(6) is based on a simplified Elshelby picture of the far-field
strain signature due to a localized plastic event [25]. In the
above, h is an arbitrary length representing the width of the one
dimensional medium in which the dislocations exist, with the
product hd being its two dimensional volume of the deforming
material—see Ref. [19].
During such loading, the dislocation configuration initially
evolves continuously and reversibly as a function of σ , until
a large change in plastic strain occurs indicating that an

033001-2

PHYSICAL REVIEW E 94, 033001 (2016)
III. RESULTS

(b)

0.004

simulatio n
calculatio n

0.003
0.002

distribution

(a)
0.005

40

zero load
prior to instability

0

0

20

3

-6

eigenvalue (10 GPa)

(c)

2
1
0

0
-7
-7
-7
-7
0
1×10 2×10 3×10 4×10
plastic strain
(d)
9
zero load
8
prior to instability
7
6
5
4
3
2
1
0
1 2 3 4 5 6 7 8 9 10
0
eigenmode label n

A. Plastic evolution to the first discrete plastic event—A linear
stability analysis

The linear regime between plastic strain and applied
external stress prior to the instability, seen in Fig. 1(a), suggests
that a linearization of Eq. (3) should describe well the initial
linear plastic response prior to the first plastic event occurring.
By writing the initial zero load dislocation configuration as
{xi0 }, and its response to an external stress as {xi = xi0 + ui },
the linearization of Eq. (3) at zero force is

−
(7)
ij uj + σ b = 0,

0.001
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external stress (units of τ0)
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where the dynamical matrix

ij
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is equal to

ij

 

= − σe xi0 b −
f  xi0 − xk0
k

× δi,j
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FIG. 1. (a) Plot of numerically simulated stress vs plastic strain
evolution, beginning at zero load and ending with the arrest of
the first discrete plastic strain event. Also shown is the prediction
arising from the linearization of the dislocation equations of motions:
Eq. (10). (b) Distribution of eigenvalues and (c) plot of the ten lowest
eigenvalues of the dynamical matrix corresponding to the dislocation
configuration prior to loading and prior to the plastic instability,
with the lowest eigenvalue approaching zero as the instability is
neared [see arrowed data in (c)]. (d) Participation number [Eq. (17)]
of corresponding eigenvectors showing the approximate number of
dislocations involved in each eigenmode.

irreversible plastic event has occurred. The stress versus plastic
strain curve, up to and including the first plastic event, for
a particular initial dislocation configuration, is displayed in
Fig. 1(a). The deformation curve is characterized by an initial
linear and reversible regime of plasticity followed by a narrow,
strongly nonlinear, regime prior to the first discrete (and
irreversible) plastic event—the plateau region of the curve.
The figure shows the stress versus plastic strain evolution until
the arrest of this first irreversible plastic event. Such a response
is typical, with the gradient of the linear regime varying little
with respect to the starting dislocation configuration. The stress
at which the first irreversible plastic event occurs is referred to
as the critical stress of the first plastic event.
To obtain statistics of this critical stress, the above loading
procedure is repeated for different initial dislocation structures.
In particular, for each length d, a very large number of
such loading simulations are performed. All simulations are
performed using τ0 = 10 MPa and λ0 = 2 μm. Following,
Ref. [19], this can be viewed as representing a Cu crystal (with
b = 2.55Å) with a dilute immobile and mobile dislocation
content. System lengths of d = 1280, 640, 320, and 80 μm
are considered at a fixed dislocation line density equal to 0.5
μm−1 . h is arbitrarily set to the inverse of the dislocation line
density.


− f xi0 − xj0 .


(8)

In the above and throughout the present work, the summations
over dislocation number span from 1 to N . The solution to
Eq. (7) is


 j [un ]j
−1
˜
ui = σ b
[
]ij = σ b
[un ]i ,
(9)
en
n
j
giving the plastic strain [Eq. (6)] as
σ b2 
σ b  ˜ −1
[
]ij =
ε=
dh ij
dh n
2



2
j [un ]j

en

,

(10)

where the last equalities are written in terms of the eigenvalues
and normalized eigenvectors of ˜ , defined as ˜ un = en un . It
is noted that the eigenvalues have units of stress. Using the
zero load configuration of Fig. 1(a), the prediction of Eq. (10)
is also plotted, showing good agreement for the linear plastic
regime prior to the first discrete plastic event.
The energy, from which Eq. (7) is obtained, may be written
as

1
E=
ui ij uj − σ b
ui .
(11)
2 ij
i
Substitution of Eq. (9) into the above gives

2

j [un ]j
1
E = − (σ b)2
2
en
n
1
= − × hd × σ × ε[σ ]
2
1
1
=
˙ − × hd × σ 2 ×
,
2
Gael
where
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(13)
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2
[un ]j
en

(15)

P. M. DERLET AND R. MAAß

PHYSICAL REVIEW E 94, 033001 (2016)

Equation (16) embodies a simple theory of linear anelasticity
in which reversible plastic deformation results in a reduced effective elastic stiffness. The above constitutes a mathematical
description of a regime of plastic activity recently studied in
the context of quasireversible deformation occurring between
regimes of plasticity characterized by the universal avalanche
phenomenon [26].
A similar linearization procedure can be performed at any
applied external stress along the deformation curve, by taking
the locally relaxed coordinates from the numerical solution to
Eq. (3), at a given applied external stress, to give ˜ [{xiσ }].
Indeed, the proportionality factor between plastic strain and
the stress perturbation in Eq. (10) gives directly the inverse of
the gradient of the numerically simulated plastic deformation
curve in Fig. 1(a) at the chosen applied external stress.
Figure 1(b) plots the distribution of eigenvalues obtained
from the dynamical matrix [Eq. (8)] evaluated for the dislocation configuration prior to loading and just before the
occurrence of the discrete plastic event. The distributions show
only minor overall differences for the plastic evolution to the
instability. Figure 1(c) plots the corresponding low-end regime
of eigenvalues as a function of eigenmode label, showing
that the very lowest eigenvalue approaches zero close to the
instability, with the other eigenvalues either increasing or
decreasing with respect to their initial value. This trend is found
to be generally true and results in Eqs. (9) and (10) diverging
at the instability, indicating a breakdown of the linearization
approach and a divergent gradient of plastic strain with respect
to applied external stress.
Equation (9) reveals that the displacement vector u, in
which the ith element represents the displacement of the ith
dislocation, arises from a weighted sum of the eigenmodes.
Since the weight for the nth eigenmode is inversely proportional to its eigenvalue, as the instability is approached,
the displacement vector is increasingly dominated by the
eigenmode with the lowest eigenvalue. Inspection of the
nonvanishing elements of this eigenmode therefore gives
insight into those dislocations responsible for the instability.
To obtain an estimate of the number of dislocations involved
in an eigenmode, the participation number [27] is used:
PNn =



−1

[un ]4i

,

(17)

i

which gives a value of unity when all but one element of the
normalized eigenvector is equal to zero,
√ and a value of N
when each element has a value of 1/ N . Figure 1(d) plots
the participation number of all eigenvectors for the dynamical
matrix evaluated at both zero load and at a stress just prior to the
instability. The figure demonstrates that only a few dislocations
are involved in each eigenvector and those with the very lowest
eigenvalues involve approximately one dislocation. Thus, in
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may be viewed as an anelastic shear modulus. Equation (14)
can be best understood by adding the energy due to elastic
shear deformation, characterized by the elastic shear modulus
G, resulting in a deformation energy depending quadratically
on the applied external stress:
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FIG. 2. (a) Plot of the six lowest eigenvalues of the dynamical
matrix as a function of external stress. (b) Scatter plot of lowest
(blue) eigenvalue prior to loading vs the critical stress of the first
plastic event, derived from 1000 loading simulations. In (b) a scatter
plot of the eigenvalue corresponding to the initial eigenmode with the
highest overlap to the unstable eigenmode is shown in green.

this case, the unstable mode involves only one dislocation as
the trigger to subsequent plastic activity.
Figure 2(a) displays the six lowest eigenvalues as a function
of applied stress derived from diagonalization of ˜ [{xiσ }].
For this particular starting configuration, it is seen that the
mode associated with the second lowest eigenvalue prior to
loading eventually leads to the instability of the first discrete
plastic event. Thus the two lowest eigenvalues of the initial and
unstable dynamical matrices in Fig. 1(c) have interchanged
eigenmodes.
The functional form of the eigenvalue’s external stress
dependence [in Fig. 2(a)] for the mode associated with the
instability is very well described by the functional form

σ
e∗ [σ ] = e∗ [0] 1 − ,
(18)
σc
suggesting a fold catastrophe [28,29] is at play—a feature
that has also been seen in multidimensional potential energy
landscapes of glassy materials [30,31].
To investigate the generality of this result similar loading
simulations were performed for 1000 different initial dislocations structures to determine the corresponding 1000 critical
stresses. Figure 2(b) displays the scatter plot between the
lowest eigenvalue of the dynamical matrix at zero loading
versus
√ its associated critical stress. Writing Eq. (18) as e∗ [σ ] =
c σc − σ demonstrates if the fold catastrophe relation would
hold, then the upper bounds of such a scatter plot should
√
correspond to e∗ [0] = c σc . That is, if the lowest eigenvalue
corresponds to the unstable mode then it must be on the
upper bound envelope and if it is not, it must be below it.
√
Inspection of the figure, which also plots e∗ [0] = c σc versus
σc for c determined from the configuration of Fig. 2(a), clearly
shows that such a functional form does hold. A somewhat
more direct approach is to plot the eigenvalue corresponding
to the initial eigenmode with the highest overlap with the
unstable eigenmode. Figure 2(b) plots these data (in green) and
again demonstrates the close adherence to the fold catastrophe
relation. The origin of the outlier points above and below
the fold catastrophe curve will be discussed respectively in
Secs. III C and III E.
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(a)

The current results are related to the way a starting configuration is selected—N dislocations are randomly placed within
the interval [0,d) and relaxed to a local energy minimum.
The energy of this disordered dislocation configuration is
higher than the global energy minimum and thus the starting
configuration can be viewed as being out of equilibrium.
The rationale for this choice is that the mobile dislocation
content of a material system is not expected to be close to
equilibrium [32], since it forms only a small part of the total
dislocation content—the other part being that of the immobile
dislocation content [which in the current model is represented
via Eq. (4)]. Whether or not the total dislocation content can
be understood within an equilibrium or out-of-equilibrium
framework remains a topic of continued debate [32,33].
For the current model and choice of its parameters (in
particular N = d/λ0 ) the global energy minimum is an ordered
array of N dislocations with a “lattice constant” equal to λ0 .
This configuration, and variations from it, give insight into
both the form of the eigenvalue spectrum shown in Fig. 1(b)
and some aspects of deformation. Because of the discrete
translation symmetry of this configuration, the corresponding
linearized matrix for d → ∞ may be exactly diagonalized,
giving the eigenvalue
 2

π

ikλ0
−ikλ0
ek = σe b + A
− (Li2 [e ] + Li2 [e
]) ,
(19)
3
with the label k being a one dimensional reciprocal space
vector whose value is between ±π/λ0 . The corresponding
eigenvector is [uk ]j ∼ exp(ikλ0 j ) where j labels the j th
dislocation. In the above A = Gb2 /[2π (1 − ν)λ0 ], Li2 [·] is
the polylogarithm (Jonquière’s function) of order 2, and
σe = σe [xj ]. This latter equality is independent of j since the
dislocation within each λ0 interval is at the same location. The
lowest eigenvalue corresponds to the case of k = 0 in which
the ordered array responds uniformly to the applied stress:
ek = σe b. The equations of motion, Eq. (3), then simplify to
σe [xj ] = −σ , giving xj = λ0 {j + arccos[−σ/τ0 ]/(2π )}.
Thus for the lowest eigenvalue, Eq. (19) becomes

 2
τ0 2π b
σ
1−
,
(20)
ek=0 =
λ0
τ0
which limits to

√ 
τ0 2π b 2
σ
1−
λ0
τ0

(21)

and a simple fold catastrophe as σ → τ0 .
The analytical eigenvalue distribution of Eq. (19) is
schematically shown in Fig. 3(a), and also evaluated numerically for the d = 1280 μm system in Fig. 3(b) (red
curve), along with the eigenvalue spectrum characteristic of
the initial dislocation configurations used in Sec. III. Figure
3(b) therefore demonstrates that the second peak of this latter
distribution arises from finite segments of ordered dislocations,
which the participation number data of Fig. 1(d) show to
involve up to eight dislocations.
The above approach can be extended to consider the case
of two dislocations within every second λ0 interval. The

(b)
0.5

eigenvalue distribution

B. Origin of the eigenvalue spectrum of the dynamical matrix
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FIG. 3. (a) Analytical density of states (DOS) arising from an
ordered array of dislocations with lattice constant λ0 and d = ∞.
(b) Numerical DOS for the d = 1028 μm system for an ordered
array with lattice constant λ0 (configuration 1) and 2λ0 (configuration
2—see text) with the DOS of Fig. 4(c).

corresponding eigenvalue spectrum is shown in Fig. 3(b)
(green curves), giving rise to two peaks, one of which may
be viewed as an “acoustic branch” and the other (higher
eigenvalue) peak as an “optical branch” since in this case the
unit cell is of length 2λ0 . Again there is a good correspondence
to two peaks of the eigenvalue spectrum characteristic of
the initial dislocation configurations. Other ordered configurations may be used to gain understanding of the remaining
peaks.
C. Size effects in critical stress and catastrophe theory

To investigate how the critical stress and associated eigenvalue spectrum might depend on system size, 10 000 loading
simulations are performed for d = 640, 320, 160, and 80 μm
for the same dislocation density as the d = 1280 μm system
studied so far. Data for d = 2560 and 5120 μm are also
shown. Figure 4(a) plots the mean critical stress derived from
the 10 000 critical stresses versus the inverse of the system
length along with a fit to an exponentially truncated power law:
exp(−l/d)/d 1/(α+1) . Such a large number of loading sequences
are needed to obtain good convergence for all system sizes.
The obtained value of 1/(α + 1) ≈ 0.9 differs slightly from
that of Ref. [18], which derived its parameters using a fixed
(high) strain rate loading mode. This results in the low-stress
power-law exponent, α ≈ 0.11. Reference [18] found that the
weak exponential truncation can arise from deviations away
from the Weibull limit of asymptotically large M.
Figure 4(b) displays the average eigenvalue spectrum
derived from the dynamical matrix associated with the 10 000
dislocation configurations prior to loading, for the case of
d = 1280 μm and d = 80 μm, and demonstrates that overall it
changes little for the system sizes so far considered suggesting
there is little fundamental difference in the nature of the first
plastic event for system sizes down to d = 80 μm.
Figure 4(c) displays a log-log scatter plot of the lowest
eigenvalue versus the associated critical stress for all considered systems sizes less than d = 1024 μm. Again, a distinct
upper bound limit clearly exists and for small enough critical
stresses it follows Eq. (18), which is also plotted in the
figure. For larger stresses, the relation between the unstable
eigenvalue and the critical stress appears to deviate from this
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fold catastrophe form—a trend that is best seen in the linear
plot of the same data, Fig. 4(d). To address this aspect, the
details of catastrophe theory must be considered.
Catastrophe theory classifies the way in which a potential
energy landscape approaches an instability [28–30]. The simplest of these is the so-called fold catastrophe [30,31], whose
potential energy landscape, as the instability is approached,
takes the form
1
Ax 3
3

fold
fold to O(5)

FIG. 5. (a) Plot of relevant potential energy landscape close to
a fold catastrophe [Eq. (22)]. Also shown is the O(5) order fold
catastrophe energy [Eq. (23)]. (b) The fold ratio as a function of the
external stress for the O(5) fold.

6

FIG. 4. (a) Plot of the average critical stress vs the inverse system
size and its fit using an exponentially truncated power law. (b) The
distribution of eigenvalues derived from the dynamical matrix of
the linearized dislocation equations of motion for the largest and
smallest considered system sizes. (c) Log-log and (d) linear scatter
plot of lowest eigenvalues prior to loading vs the critical stress of the
first plastic event for the considered system sizes. In both plots the
solid line represents the prediction due to catastrophe theory for a
fold instability, whereas the dashed line in (d) shows the prediction
arising from an additional higher order term of the potential energy
landscape giving the O(5) fold [Eq. (23)].
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− Bxδ.

(22)

Here x parametrizes the last remaining relevant coordinate
and δ is the external stimulus, which in our case is σ − σc .
The minimum and maximum stationary points this equation
√
characterizes are at x±(3) = ± Bδ/A with the corresponding
√
(3)
curvatures (eigenvalues) equaling e±
= ±2 
ABδ. The barrier energy at finite δ then becomes U (3) = 2 2(Bδ)3 /(9A).
(3)
(2x−(3) )2 ] is equal to
The so-called fold ratio 6 U (3) /[e−
(3)
unity when these relations are maintained. e−
gives directly
Eq. (18). These relations are formally valid only in the limit
of the σ → σc . The present work shows however that for
d = 1280 μm, the fold catastrophe relation is followed very
well for the stress interval [0,σc ). The applicability of the
fold relations for non-negligible finite values of σ − σc = δ
has also been seen in atomistic simulations of stressed model

amorphous solids [31], for which the material instability is an
atomic scale structural transformation.
To not fundamentally change the catastrophe from that of
a fold, the next highest term to be added will involve the fifth
power:
E (5) =

1 3
1
Ax − Bxδ + Cx 5 ,
3
5

(23)

whose minimum and maximum stationary points are given by

(A2 + 4BCδ)1/2 − A
(5)
,
(24)
x± = ±
2C
with corresponding eigenvalues

2(A2 + 4BCδ)((A2 + 4BCδ)1/2 − A)
(5)
e± = ±
.
C

(25)

This will be referred to as the O(5) fold catastrophe. The above
(3)
may be written in terms of e+
giving

 (3)
 (3)
1/2
2 De+
[σ ]2 + 1 De+
[σ ]2 + 1
−1
(5)
,
e+ [σ ] =
D
(26)
where D = C/A3 is the remaining free parameter of Eq. (23).
For an appropriate choice of D, Eq. (26) evaluated at σ = 0 is
able to describe the relationship between critical stress and
the corresponding unstable mode eigenvalue for the entire
considered applied external stress range—see Fig. 4(d), which
plots Eq. (26) at σ = σc as a dashed curve. Here D (and
therefore C) must be negative reflecting the fact that the
maximum ofEq. (26) occurs at a stress σmax defined by
√
(3)
[σmax ] = −5/(9D), and is equal to −8/(27D).
e+
Figure 5(a) plots the resulting potential energy landscape
for both the fold and O(5) fold catastrophe, demonstrating
that such a fifth order term in Eq. (23) does not fundamentally
change the nature of the instability, only changing the position
and curvature of the local minimum and corresponding saddle
point. Inspection of Fig. 5(b) shows however that due to
these modified stationary points, the fold ratio [30], which
is identically 1 for the usual fold catastrophe, can deviate by
up to 20% for finite applied external stresses.
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FIG. 6. (a) Average i,i + i element of linearized matrix indicating a matrix which is predominantly tridiagonal. (b) Normalized
histograms of diagonal and off-diagonal bands. (c) Plot of ij th
off-diagonal element value vs xi − xj . (d) Intradiagonal and intraoff-diagonal correlation functions.

D. Structure of the dynamical matrix

Further insight may be gained by inspecting the statistical
properties of the dynamical matrix ij . In what follows, the
labeling refers to a sequential list of dislocations with increasing initial position. Thus the nearest neighbor dislocations of
the ith dislocation, barring periodic boundary conditions, have
the labels i − 1 and i + 1. All statistics are derived from the
10 000 initial dislocation configurations for the d = 1280 μm
system size. Figure 6(a) plots the mean of i,i+ i and reveals
that ij is predominantly tridiagonal with positive diagonal
elements and negative off-diagonal elements. Figure 6(b) plots
normalized histograms of these diagonal and off-diagonal band
elements.
From Eq. (8) there exist two contributions to each diagonal
element of the dynamical matrix, the contribution arising
from the elastic interaction between dislocations and the
contribution arising from the internal static stress field. For
the single slip system considered here, the former will always
contribute positively to the diagonal element due to the mutual
repulsion between dislocations, whereas the latter can either
be positive or negative depending on the location of the
corresponding dislocation. Detailed inspection reveals two
classes of environments which lead to two distinct dislocation
contributions, one arising from regions in which there is more
than one dislocation within a λ0 interval and the other arising
from regions in which neighboring dislocations are spaced one
per λ0 interval. This latter contribution is responsible for the
first diagonal element peak in [the green curve in Fig. 6(b)]
whose location is similar to that for the ordered configuration
[the red curve shown in Fig. 3(b)]. Such segments of order
do not contribute to the low-end tail of the diagonal elements

of the dynamical matrix. The second peak for the diagonal
elements in Fig. 6(b) arises from dislocation arrangements
within a single λ0 with its low-end tail being responsible for
the low-end tail of the diagonal element distribution. This latter
tail is due to the different locations the dislocations can take
because of the static internal stress field and the surrounding
dislocation structure. Inspection of the spatial structure of
the initial dislocation configurations show that up to three
dislocations can exist within a λ0 interval.
Inspection of the negative off-diagonal elements show
approximately 60% of the elements are non-negligible and
centered around a value whose magnitude is approximately
half that of the diagonal elements. When this is not the case,
the value is at least an order of magnitude smaller. The origin of
this off-diagonal structure is best seen by inspection of ij and
the distance separating the dislocation pair xi − xj —Fig. 6(c).
It is seen that a large off-diagonal band element arises when a
neighboring (or next nearest neighboring) dislocation is within
the same λ0 interval, whereas the smaller elements arise from
neighboring dislocations at more distant λ0 intervals. The
exponent of two in Fig. 6(c) is related to the leading order,
1/r 2 , scaling of the off-diagonal element [Eq. (8)].
Figure 6(d) plots the spatial correlation functions along the
diagonal and the off-diagonal bands. Here
Cn i =

(

i,i+n

−

(

i,i+n )(
i,i+n

−

i+ i,i+ i+n
i,i+n )(

i,i+n

−

i+ i,i+ i+n ) i

−

i,i+n ) i

,

(27)
where n = 0 for the diagonal and n = 1 for the off-diagonal
bands. In the above, ij , equals the mean ij th element and
the average, · i , is with respect to i. Inspection of the figure
reveals the matrix elements are only significantly correlated
up to the second and third neighbors.
The picture which emerges is of a predominantly tridiagonal matrix with off-diagonal band element values having a
non-negligible probability of being quite small. Viewing this
matrix to be precisely a tridiagonal matrix and with these
small off-diagonal values to be identically zero results in
a matrix of noninteracting smaller block matrices. This is
equivalent to truncating the dislocation-dislocation interaction
to a distance of approximately λ0 . In this limit the origin
of purely localized eigenmodes becomes manifest, with the
eigenmodes consisting of dislocation bunches existing within
one λ0 unit. Restoring the dislocation-dislocation interaction
to its full range results in a weak interaction between the
block matrices and therefore the possibility of more spatially
extended eigenmodes. That both the diagonal and off-diagonal
band elements are weakly correlated beyond three element
indices means that at a resolution above that of the strongly
interacting block matrices, the full matrix is random. Such
a random block tridiagonal matrix is similar as the one
dimensional random potential problem and the physics of
Anderson localization [34]. In one dimension, the localization
phenomenon is robust against the strength of the disorder
[35], and—barring any long-range correlations between the
random matrix elements [not suggested by Fig. 6(d) and the
1/r 2 dependency of the off-diagonal elements]—are expected
to be localized as seen via the participation number in
Fig. 1(d). Indeed, analysis of the level separation statistics of
the eigenvalues reveals strong Poisson behavior (not shown).
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FIG. 7. (a) Histogram of overlap between the unstable eigenmode
and the normalized plastic displacement vector characterizing the
resulting irreversible plasticity. (b) Peak normalized histogram of
the number of dislocations involved in the plastic event obtained
from the participation number of the normalized plastic displacement
vector [Eq. (17)]. Data are derived from approximately 2000 loading
simulations for a system size of d = 1028 μm.

E. Relation between the emerging instability
and irreversible plastic strain

When the applied stress equals the critical stress of the
plastic event, the unstable eigenmode’s eigenvalue becomes
identically zero and the linearization procedure breaks down.
During the subsequent regime of strong nonlinearity, dislocations within the structure evolve according to Eq. (3), until
a new stable dislocation configuration is found. At this point
the plastic event has entirely arrested and the linearization
procedure can once again be used. An interesting question
is how related is the resulting irreversible plasticity to the
unstable mode that triggers it?
To quantify the irreversible plasticity the dislocation
displacements (taking into account the periodic boundary
conditions) between the positions at the instability and at arrest
are found, giving a vector which is then normalized. Taking the
dot product of this normalized plastic displacement vector with
the unstable mode gives the overlap and therefore the degree of
similarity between the dislocations responsible for the trigger
of plasticity and those involved in the actual resulting plasticity.
Such an approach has been used to investigate a similar
relationship in hard-sphere glasses [36]—see also Ref. [37] for
the case of magnetic reorientations in an XY spin glass. Figure
7(a) plots a histogram of this overlap measure derived from
the 10 000 loading simulations performed up to the arrest of
the first plastic event for d = 1280 μm. The histogram shows
two distinct features, where in the first case, there exists a peak
(marked in green) close to an overlap of unity, demonstrating
that approximately 82% of the plastic event structures are
strongly related to the unstable mode triggering the irreversible
plasticity. The remaining 18% percent of plastic events admit
a range of lower overlaps (marked in blue).
Given that the eigenmode at the instability involves only one
dislocation [Fig. 1(d)], this result indicates that 82% percent of
the plastic events are mediated by only the trigger dislocation.
This is confirmed through inspection of the participation
number [Eq. (17)] of the plastic strain vector. On the other
hand, the participation number of those plastic events which
have a reduced overlap can have a value ranging between

one and five dislocations. Figure 7(b) plots a histogram of
the participation number of the plastic strain vector, in which
the bin width is unity and each bin is centered on an integer.
The observed trend my be rationalized by considering the
probability A that a dislocation involved in plasticity triggers
another dislocation to become mobile, and so on, giving a
histogram equal to An−1 where n is the nth dislocation involved
in the plastic event. Figure 7(b) includes such a curve for the
optimal value of A = 0.113 844, indicating that a dislocation
involved in plasticity has the probability of ∼ 0.1 to trigger
another dislocation. This value is quite compatible with the
above observation that approximately 18% of the plastic events
have weak overlap with the unstable eigenmode. The general
trends shown here differ little for the considered system sizes
down to d = 80 μm.
Past work has shown that the present model applied to a
dipolar mat geometry exhibits scale-free avalanche behavior
only when the external stress is “tuned” to the yield stress
[19]. The transition to macroscopic flow is thus characterized
by a mean-field depinning transition [32,38] as discussed by
Dahmen and co-workers [23]—a result that is also the case
for the single slip plane system studied presently. Being far (in
terms of the external stress) from this depinning transition, the
first irreversible plastic event is expected to not exhibit scale
free avalanche behavior. Indeed the statistics of the plastic
displacement shown in Fig. 7(b) cannot admit power law
behavior in the plastic strain magnitude distribution because
A < 1. This should be compared when approaching yield, and
“tuned” criticality. Here, A → 1, and the plastic events can
involve a very large number of dislocations and therefore a
divergent plastic strain.
IV. DISCUSSION

Further insight into the underlying mechanism of the first
plastic event can be gained by investigating the dynamical
matrix using second order eigenvalue perturbation theory.
Treating the off-diagonal elements of the dynamical matrix
as a perturbation, Rayleigh-Schrödinger gives the lowest
eigenvalue as
e1 ≈

11

+



|

1j |

i =1

11

−

2

,

(28)

ii

where 11 is the lowest diagonal element. The second term
is always negative since 11 < ii . Two approaches can
be taken in assigning the labeling i in the above equation.
If the dominant term contributing to the summation arises
from the second lowest diagonal element, giving the smallest
denominator, then i should reflect the numerical order of the
ith diagonal element. If, on the other hand, the dominant term
originates from the largest off-diagonal element, giving the
largest numerator, then i should reflect the numerical order of
the spatial distance associated with the 1i diagonal element.
For the present case, it is the latter, so the largest contribution
always arises from the term with the largest off-diagonal
element and therefore the mode closest to the spatial location
of the dislocation associated with the 11 element. This
originates from the block structure of the matrix discussed
in Sec. III D in which the first plastic event originates from
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FIG. 8. (a) Scatter plot of the lowest dynamical matrix diagonal
element vs the lowest eigenvalue. Those coloured blue (green) involve
two (three) dislocations. (b) Low end distributions of the dynamical
matrix diagonals and eigenvalues with predicted power law forms.
Data are derived from 10 000 initial configurations for a system size
of d = 1028 μm.

the lowest eigenvalue. Figure 8(b) plots the eigenvalue and
diagonal dynamical matrix distributions averaged over 10 000
initial configurations for a system size of d = 1280 μm along
with the corresponding power law distributions (appropriately
normalized) using the exponent θ = 1.22 and the diagonal
element gap [obtained from Fig. 8(a)]. Agreement is seen to
be quite good with some deviation close to the hard gap and
for the very smallest eigenvalues.
The presence of a gap may be seen without the aid of
perturbation theory. In fact, to ensure the dynamical matrix is
positive definite (a necessary condition for a stable dislocation

configuration), its components must satisfy | ij | 
ii jj
where the diagonal elements are positive nonzero numbers.
This is a general result for a positive definite matrix and
originates from the property that every principle submatrix of
the matrix in question must itself be positive definite, including
all 2 × 2 submatrices. The above inequality then gives
11

configurations typically involving two or three dislocations
within the same λ0 unit. It is noted that the corresponding
i = 2 diagonal mode 22 is considerably larger than 11 .
Figure 8(a) displays a scatter plot of the lowest dynamical
matrix diagonal element versus the lowest eigenvalue for
the 10 000 (d = 1280) μm initial dislocation configurations.
A strong band of linear correlation is evident. The data
are colored according to the number of dislocations within
the λ0 unit of the dislocation associated with the lowest
diagonal element. For the case when the lowest eigenvalue
involves two dislocations, lowest order perturbation theory
[Eq. (28)] is sufficient to calculate the numerical value of
the corresponding eigenvalue. On the other hand, when three
dislocations are involved, Eq. (28) provides only a good
estimate and higher-order perturbation theory is needed to
obtain an accurate eigenvalue due to the multiple “scattering”
associated with the two non-negligible off-diagonal elements.
Figure 8(a) therefore demonstrates that two distinct dislocation
environments are responsible for the first irreversible plastic
event. It is noted that these two mechanisms do not explain
the two classes of overlap between the instability mode and
the plastic displacement considered in Sec. III E. This suggests
that the extent of the resulting plasticity has more to do with
the surrounding dislocation structure than those dislocations
triggering the instability.
The average trend seen in Fig. 8(a) indicates that the
distribution of diagonal elements has a hard gap—e1 ≈ 11 −
—which may be estimated by the second term of Eq. (28).
If, P (e) ∼ eθ , then the distribution of diagonal elements must
be P ( ) ∼ ( −
)θ . What is the value of the exponent
θ ? The existence of a fold catastrophe (Sec. III C) gives a
direct connection between the first critical stress and the lowest
eigenvalues of the dynamical matrix for the configuration
√
prior to loading, e1 ∝ σc , giving θ = 2α + 1 = 1.22 for
the value α = 0.11 obtained via the average first critical
stress versus system size [Fig. 4(a)]. The observation that it
is not necessarily the lowest eigenvalue which is connected
to the critical stress via the fold catastrophe [see Fig. 2(a)]
only affects the prefactor of the above scaling, and not the
scaling itself. This is because the level spacing of the first
few eigenvalues scales with system size in the same way as

 max{|
j

1j |

2

/

jj }.

(29)

For the present system, this maximum is always due to
the j th diagonal element whose dislocation is closest to
dislocation “1.” For the case of the smallest possible value
of maxj {| 1j |2 / jj } that an initial dislocation configuration
can give, the inequality in Eq. (29) limits to an equality,
giving the minimum possible value of 11 . Indeed, two
separate equalities emerge associated with the environments
of either two or three dislocations. That this minimum is a
finite positive number is due to a unique combination of the
repulsive interaction between dislocations (the dislocations
cannot be too close to each other), the pinning effect of the
static internal field (which tends to bunch dislocations within a
single λ0 unit), and the surrounding dislocation environment.
The specific combination of these factors giving the absolute
minimum is only approached with a non-negligible probability
for large enough system sizes.
The arrows in Fig. 8(b) indicate the average lowest eigenvalue and the average lowest diagonal element, demonstrating
that they are well within the regime for which the power
law behavior is dominant. This is to be expected given the
approximately linear scaling between the mean first critical
stress versus system size [Fig. 8(a)]. In fact the regime of
eigenvalues below that of the hard gap range corresponds
(via the fold catastrophe relation) to a critical stress of
σc ≈ 0.0008τ0 , which is well outside the range of Fig. 4(a).
Despite this agreement, it is expected that for large enough
system sizes, Weibull [39–43] fluctuations around the mean
value will be affected in this stress regime, as was noticed for
the system size, d = 1280 μm, in Ref. [18].
V. CONCLUDING REMARKS

The notion that the dislocation structure prior to loading is
responsible for the first plastic event is not new, and underlies
a number of statistical or weakest link descriptions of the
transition to plasticity [5,9–17,44] in which the stochasticity
originates from an ensemble of possible initial microstructures.
Using a one dimensional dislocation dynamics model and
an extreme value statistics approach, the present work has
quantitatively demonstrated this connection via the low-end
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eigenstructure of the dynamical matrix of the dislocation
configuration prior to loading. In particular the critical stress
of a given dislocation configuration can be analytically related,
via a fold catastrophe, to one of the lowest eigenvalues
whose corresponding eigenmode will eventually facilitate
the instability leading to the first plastic event. Inspection
of such eigenmodes and the general statistical properties of
the dynamical matrix reveal them to be localized, involving
generally only one to two dislocations. Thus, despite the
long range interaction between dislocations, the onset of
the very first plastic event for the considered model is a
localized structure. It is found that the internal static stress field
(with its imposed length and stress scales) plays a dominant
role here.
It is an interesting question whether such a phenomenon
may be generalized to two and three spatial dimensions for
dislocation networks involving multiple active slip systems,
dislocation reactions, and the general phenomenon of screening. Using a fully three dimensional dislocation simulation
method which employs a coarse graining method to allow for
the simulation of very large system sizes, Leung et al. [45]
have demonstrated for deforming volumes characterized by
length scales greater than 5 microns, that discrete plasticity
is strongly influenced by the initial microstructure and a
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“weakest link”—extreme value statistics—principle. Earlier
dislocation dynamics simulation work by El-Awady et al. [46]
also suggests such behavior. Finally, the work of Ref. [18]
demonstrates the extreme value statistics approach taken here
is applicable to the first pop-in event in experimental nanoindentation probes of three dimensional dislocation structure in
real materials.
In summary, the present work demonstrates, for a particular
model dislocation system, a quantitative connection between
an ensemble of dislocation configurations prior to loading and
a master distribution of critical stresses describing the statistics
of the first plastic event. This is manifested through a fold
catastrophe linking the critical stress of the first plastic event
to the low-end eigenvalue structure of the dynamical matrix
associated with the dislocation structure prior to loading. How
this picture might change as a function of the nth plastic event
might give fundamental insight into the more general nature
of microplasticity, and the transition to macroscopic yield and
plastic flow.
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