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Crystal size eﬀect in two dimensions – Inﬂuence of size and shape
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Based on the statistics of both the stress and strain of a plastic event, the well known size-eﬀect in strength can be linked to a crystal’s critical stress
distribution and the universal scaling exponent of intermittent plasticity. We successfully test these hypotheses with small-scale deformation experiments as a function of diameter and aspect ratio, and ﬁnd that the latter aﬀects the material’s strength in a way that gives direct insight into the
underlying critical stress distribution of the deforming volume.
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Classical laws on strength of crystalline materials
did consider strength to be independent of external dimensions of the tested material. About 10 years ago it was convincingly demonstrated that there is an extrinsic
size-strength scaling in crystal plasticity at small scales that
is well described by a power-law: r / dn, where r is the
ﬂow strength and d is some measure of crystal size.
Today’s consolidated picture of this strength-size scaling
shows that n is strongly dependent on the initial microstructure of the material [1–3].
While no size-scaling exists at the macroscopic scale,
bulk crystals have in common with their small counterparts
that their elastic to plastic transition is also very much
dependent on the details of the underlying microstructure.
More speciﬁcally, it is the initial defect structure that determines strength across all length scales. The mobile part of
the dislocation network will facilitate plastic deformation
by collectively moving and multiplying within the crystal.
Such plastic activity – may it be in a bulk or small-scale
crystal – can be characterized by the external stress at which
it occurs and thus the statistical properties of the early
stages of a deformation sequence should be strongly inﬂuenced by a distribution P(rc) of such critical stresses.
P(rc) therefore characterizes the underlying dislocation network microstructure in terms of the stress scale at which
plastic evolution occurs.
In addition to the strength determining initial defect distribution, crystals at all length scales deform plastically in a
discrete fashion in terms of both stress and plastic strain [4].
At the bulk scale this is hard to observe in a regular
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straining experiment, with the exception of some cases of
ultra high strain resolution [5]. Reducing sample size, the
intermittency of the discretely evolving dislocation structure can be readily observed with nano-scale extensometry,
which reinvigorated numerous eﬀorts investigating
scale-free slip events [6,7] as well as the temporal dynamics
of avalanches [8,9] occurring in critically evolving dislocation systems. The general conclusion became that a plastically evolving dislocation structure exhibits power-law
slip-size (plastic strain) distributions, P(S) / Ss, where s
is a critical exponent, suggesting that dislocation based
plasticity belongs to a class of phenomenon that is fundamentally scale free and universal [4,10].
Such universality in the statistics of plastic strain implies
an insensitivity to the microscopic details, while on the
other hand the stress scale at which such plastic events
occur does appear to be very dependent on the microstructural details. The emerging questions are how these two
very diﬀerent aspects of deformation can be linked, and
how this may result in the “smaller is stronger” paradigm
observed in micro-compression experiments? One recent
statistical approach which relates these aspects in a uniﬁed
way gives the simple expression n = (s + 1)/(a + 1) [11], for
the size-eﬀect exponent, where a is the leading order exponent of the low critical stress side of P(rc) and s is the aforementioned critical exponent for scale-free plastic activity.
This expression relates material strength (as a function of
deforming volume) directly with the universal behavior of
intermittent plastic strain activity and the statistics of the
critical stresses at which it occurs. As will be subsequently
discussed, the developed connection also infers a broader
class of scaling laws in which both size and shape can aﬀect
material strength. In particular the aspect ratio of a
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micron-sized crystal should aﬀect strength via a scaling law
with an exponent equal to 1/(a + 1). Motivated by these
theoretical developments, the present work undertakes an
experimental investigation demonstrating that the aspect
ratio does indeed aﬀect material strength, and via the above
expression it becomes possible to access a and s from one
test series probing crystal size and shape. This combined
experimental and theoretical approach links for the ﬁrst
time a universal scaling parameter to simple stress measurements, and indicates that the size-eﬀect in strength partly is
universal to crystalline metallic materials.
Cylindrical nano- and micro-crystals with a compression
axis along the h0 0 1i-axis were prepared by focused ion
beam milling from a single crystal (Mateck). The specimens
were compressed at a nominal strain rate of 5  103 s1
inside a Hysitron Nanoindenter or in an Agilent G200
Nanoindenter using the DCM module at a nominal force

rate of 1.0 lN s1. The obtained data were converted to
engineering stress–strain data, and the ﬂow stress at a plastic strain of 3% was used to construct Figures. 1a, 2a and
3a.
The size-eﬀect model developed in Ref. [11] is based on
two distinct size eﬀects – one in stress and one in strain. For
the size eﬀect in stress, it is realized that the number of
available plastic events, M, should scale linearly with the
volume of the deforming material. Sampling the assumed
critical stress distribution, P(rc), M times results in a critical stress sequence whose order statistics is important.
Indeed, the
ith smallest critical stress is given
R hrcharacteristic
ii
by i ¼ M 0 c P ðrÞdr, reﬂecting the extreme value statistics
when M is not small. Thus when the sample volume (and
thus M) decreases, the scale of the lowest critical stresses
increases. For the case of plastic strain, it was further recognized that under the assumption of self-organized criticality, the magnitude of a plastic strain event is only
weakly correlated with the applied stress and that their distribution is truncated by the ﬁnite size of the sample.
Together this results in an average plastic strain magnitude
which scales with volume via the universal critical exponent
s. When combined, the size eﬀects in stress and plastic
strain give a simple expression for the stress scaling with
respect to system size as (Ref. [11])
 ð1þsÞ=ð1þaÞ
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Here L is a characteristic dimension of the system. For the
case of a cylindrical pillar of height h and diameter d, the
stress scaling of Eq. (1) is with respect to the minimum
external length scale, the pillar diameter (d = L) at a ﬁxed
aspect ratio. Since the critical strain scaling depends only
on this minimum external length, changing the pillar height
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Figure 1. (a) Strength-size scaling for h0 0 1i-oriented Au crystals, ﬁt to
a power-law with a scaling exponent of 0.44. Two diﬀerent data sets
are presented: one with an Ar = 3, and one with an 2.5 > Ar > 3.5. The
dashed lines bound the reported experimental limits reported so far.
(b) A slip-size distribution obtained from the intermittent slip activity
of the deforming Au crystals with Ar = 3.

where in the last equality, the scaling has been written in
terms of the aspect ratio Ar = h/d. Eq. (2) indicates a dependence on Ar, arising solely from the extreme value statistics
of critical stress, thereby providing direct insight into the
distribution P(rc). It is this new aspect of the size-eﬀect in
crystal strength which forms the central theme of the present work.
As a ﬁrst step, the compressive strength at 3% plastic
strain of cylindrical gold crystals with diameters ranging
between 300 nm and 10 lm is tested and yields the expected
trend depicted in Fig. 1a. The very robust scaling for the
here studied h0 0 1i-oriented single crystalline material can
be expressed as r / dn, with n = 0.44 ± 0.1 (R2 = 0.976,
root mean square error (RMSE) = 0.082). This trend
includes all investigated aspect ratios and is the essence of
many studies of similar sample geometries whose bounds
in n are indicated with dashed lines for n = 0.16 [3] and
ca. 0.9 [12]. For later purposes we display in Fig. 1a the
standard Ar  3 as one data set and the other Ar covering
smaller and larger values in another set. Irrespective of
the data sets, all strength values seem to align well with
the established power-law scaling and cannot be distinguished from each other.
Before turning our attention to how the data summarized in Fig. 1a can be recast to express scaling with respect
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Figure 2. (a) Strength as a function of aspect ratio Ar for diﬀerent sample sizes. Using Eq. (1), with a = 4.69 and s = 1.5, the dashed lines are
obtained, following well the experimental data. A set of samples with diﬀerent aspect ratios, h/d, is shown in (b).

Figure 3. Crystal strength as a function of both cross-sectional diameter d and length h (a), with the plane representing a ﬁt using Eq. (2). The
residuals of the ﬁtting between experimental data and Eq. (2) are shown in (b). The arrows in (a) indicate the lines of data for nominally the same
diameter of 500 nm and 2 lm.

to size and shape, we show in Fig. 1b the corresponding
stress-integrated slip-size distribution, P(S), that was
derived following custom methodology based on the
thresholding of the displacement–time data’s ﬁrst derivative
[9,13]. As expected for universal phenomena and predicted
by theoretical mean-ﬁeld models, the distribution of the
stress-integrated slip-size magnitude follows a power-law
scaling of type P(S) / Ss with s  1.5. Since such a distribution is insensitive to the microscopic details of the dislocation network it should also be insensitive to any initial
form of P(rc). The data of Fig. 1a give a value of

n  0.44 and of Fig. 1b a value of s  1.5, which via
n = (s + 1)/(a + 1) gives a = 4.69.
A ﬁrst step to test the prediction made by Eq. (2) is to
verify if there indeed is any strength-scaling with respect
to Ar. Therefore we will now sample Ar at a constant crystal
size d. The resulting trends for each specimen size are
shown in Fig. 2a, and Fig. 2b displays selected
un-deformed and deformed crystals imaged with scanning
electron microscopy. It is noted that linear scaling is used
in Fig. 2a, which greatly enhances the intrinsic scatter of
such data that otherwise is routinely summarized in double
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logarithmic scaling. Fig. 2a also indicates the regime of
2.5 < h < 3.5 displayed in Fig. 1a with the shaded background. The strength data in Fig. 2a show a somewhat
weak dependence on Ar, which would be expected from
the reduced Eq. (2) being a power-law with a scaling exponent of 1/(1 + a) = 0.176, upon setting again a = 4.69 and
s = 1.5. This means, the here found strength-shape scaling
is of the same order as the lower bound values of the
strength-size scaling displayed in Fig. 1a. It is acknowledged that the information content of the accessible data
range in Fig. 2a is insuﬃcient to meaningfully ﬁt the full
Eq. (2) to the data. It is at this stage only possible to again
use the earlier discussed values for both a and s, and to conclude that the analytical form is compatible with the
experimental data, as is indicated for the diameters of 5,
2 and 1 lm. This further leads to the conclusion that tensile
experiments will be the ideal means to probe the
strength-scaling with respect to Ar, allowing to directly
access s and a.
The next step is to exploit Eq. (2) by constructing a surface plot including both the size d, as well as the height h.
This yields the plot displayed in Fig. 3a to which the full
analytical model given by Eq. (2) can be ﬁt with the ﬁtting
parameters a and using s = 1.5. Only ﬁtting alpha allows an
agreement between model and experiment to a precision of
R2 = 0.945, RMSE = 0.121, which is of similar quality as
the 1D strength data shown in Fig. 1a. It is now quite
remarkably seen how the seemingly one dimensional data
in Fig. 1a can be broken up to separate between
scaling-eﬀects arising due to diﬀerent dimensions of the
crystal. The ﬁtted plane is superimposed with the data in
Fig. 3a, and the residuals are shown in Fig. 3b. Data points
parallel to the log (h) axis display the diﬀerent sample diameters as a function of length (exemplarily indicated for
500 nm and 2 lm).
Following this surface ﬁt methodology yields a = 4.512
with the 95% conﬁdence bounds being (4.199, 4.824), which
is very close to 4.69 as was obtained from the analysis in
Fig. 1a. Both these alpha values are not only evidencing a
very good agreement between the model developed in
Ref. [11], its suggested predictions contained in Eq. (2),
and the conducted experiments, but also fall in the range
of Weibull parameters a + 1 = 3.5  6.5 obtained from
2D and 3D discrete dislocation (DD) dynamics simulations, as well as experiments [14,15].
The above analysis and successful demonstration of how
the size-eﬀect in strength can be expanded by introducing
the aspect ratio as a second scaling variable show that both
size and shape can play a role. This experimental ﬁnding is
in agreement with failure stress dependencies on aspect
ratios of three-dimensional spring networks [16,17], as well
as 3D-DD simulations [18]. In the former case it was found
that the failure stress can be well captured by both Weibull
and Gumbel distributions (both also part of the generalized
description of the here tested model if the mean of the
extreme value statistics is at suﬃciently high values such
that the negatively valued part of the Gumbel distribution
becomes irrelevant [19]) and showed a stress scaling exponent with respect to length at constant base that sensitively
depends on the dimensionality and interactions. In the
3D-DD simulations it is found that the ﬂow stress increases
with decreasing aspect ratio in h1 2 3i- and h1 0 0i-oriented
microcrystals. The diﬀerent behavior of the two crystal orientations was rationalized on the basis of dislocation
source statistics on the available glide planes of both

orientations. The present work (via Eq. (2)) gives a straight
forward origin to these 3D-DD results. Moreover, since the
critical stress distribution must ultimately be a function of a
stress tensor, only becoming a function of a scalar stress
measure upon choice of loading geometry, diﬀerences in a
can be expected for diﬀerent crystal orientations. Ref. [11]
demonstrates that the statistics of ﬂow stress at a ﬁxed plastic strain is well described by a Weibull distribution, even
though other distributions are included in the original model of Ref. [11]. Although, Ref. [18] considered a weakest
link stress scale scenario for the general size eﬀect, the present model suggests that such a weakest link approach is
only applicable to a change in aspect ratio for a ﬁxed pillar
diameter. Re-analyzing the data in Fig. 11 of Ref. [18] by
considering such data-sets separately gives Weibull moduli
(m = a + 1) of 3.5, 2.9 and 6.1 for respective diameters of
0.5, 0.75 and 1 micron. In addition, a failure analysis for
diﬀerent plastic evolution realizations gave Weibull distributions with moduli that did not vary too greatly as a function of aspect ratio for a ﬁxed diameter. This suggests an
extreme value statistics picture is at play for such DD
simulations, and gives values of a that are compatible with
the present experimental ﬁndings and other DD simulations [20]. While the critical stress sampling, being one of
the two main aspects of the here tested model in Ref.
[11], seems to be well in line with earlier studies, its connection to the scale-free slip size distribution remains to be
experimentally veriﬁed. In particular this means to verify
if the probed underlying dislocation structure is close
enough to criticality in order to exhibit scale free slip-size
behavior when the ﬁrst critical stresses in a sequence are
sampled. Another open point is to what degree s = 1.5
can be assumed to be a ﬁxed value for evolving dislocation
networks. Even though there is a vast amount of literature
supporting its robustness, recent research points toward
deviations from 1.5, reporting a range between 1.0 and
1.9 [20,21]. We conclude with that the here presented good
agreement between theory and experiments opens
experimental avenues to directly obtain s from tensile
strength data.
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